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There is a constraining relation between the reliability of a quantum measurement and the extent 
to which the measurement process is, in principle, reversible. The greater the information that is 
gained, the less reversible the measurement dynamics become. To illustrate this relation, we develop 
a simple physical model for quantum measurement, as well as a hypothetical scheme by which the 
experimenters can determine the reliability and reversibility. We derive an "uncertainty" (constrain- 
ing) relation between reliability and reversibility, which holds even when there is no interaction with 
any external environment other than the fundamental information recording device. 



I. INTRODUCTION 



A tension between the ideas of complete human knowledge (information) and the reversibility of physi- 
cal dynamics played an important role in the development of the concepts of probability and the predictabil- 
ity (or lack thereof) of physical systems. To Pierre-Simon Laplace [1J, in around 1800, the world was fully 
deterministic, and "Given an intelligence which could comprehend all [...] for it, nothing would be uncer- 
tain, and the future, as the past, would be present to its eyes." For Laplace, there were no nature-imposed 
limits to gaining complete information or to solving perfectly Newtons equations to predict future events. 
Only our human ignorance prevented us from doing so. "Probability is relative, in part to this ignorance, in 
part to our knowledge," he wrote. 

Henri Poincare [2], in the late 1800s, argued instead that while there are no physical limits to gaining 
information, there are physical limits to solving Newtons equations accurately to predict future events. He 
wrote that "chance must be other than the name we give our ignorance [...] It may happen that slight dif- 
ferences in the initial conditions produce very great differences in the final phenomena; prediction becomes 
impossible and we have the fortuitous phenomenon." Poincare was the first to get a glimpse of deterministic 
chaos in Newtonian physics — the exponential sensitivity of outcomes to tiny changes of initial conditions. 
He also stressed the significance of being able to reverse (hypothetically) a systems dynamics: "The laws 
of nature bind the antecedent [past] to the consequent [future] in such a way that the antecedent is as well 
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determined by the consequent as the consequent by the antecedent." Given a tiny amount of ignorance 
about the system, chaos would prevent one from perfectly reversing dynamics, even in principle. Therefore, 
according to Poincare, the absence of perfect reversibility is related to the need to use probability theory to 
describe experimental outcomes. 

Quantum theory changed all of that, of course, because now we know there do exist physical limits to 
gaining information. The quantum state of an object cannot be determined by any observations on that single 
object 131. Can we find a useful role for the idea of dynamical reversibility in the context of quantum 
physics similar to Poincare's use in classical physics? In the insightful 1965 paper "Take a Photon" [|5l by 
Otto Frisch, a measurement on a single photon traversing an interferometer is discussed in the form of a 
comedic dialogue between various fictitious persona. One character makes the statement "Irreversibility is 
the very essence of information [...] To measure is to create information; and information is a state — in a 
machine or an organism — which extends from a certain time into the future." Before that, Brillouin in his 
book [6] from 1956 had stressed the fundamental relations between observations and irreversibility, titling 
one of the sections "An Observation is an Irreversible Process." Brillouin in his turn cites von Neumann 
as a source of many examples illustrating tradeoff relations between measurements and irreversibility 
in quantum mechanics. This reasoning goes back to Niels Bohr (8J and his famous "A phenomenon is not 
yet a phenomenon until it has been brought to a close by an irreversible act of amplification," as creatively 
quoted by John Wheeler 0. 

In much more recent times more precise quantitative bounds on information gain versus reversibility 
have been derived iTTOl ITT1 IT2Tl . Most studies use entropic measures of information and irreversibility, and go 
to great lengths to ensure that the most general type of quantum measurements is included in the description. 
Similarly, the closely related concept of information gain versus disturbance was studied quantitatively a 
decade ago lfT3l . again making sure bounds are valid for general classes of measurements, and many papers 
on the same subject have appeared since, see for example [14]. 

Here our aim is more modest: we will not derive generally applicable bounds on information gain 
versus reversibility, but focus on one illustrative example that tries to be both realistic (at least as far as 
the measurement process is concerned) and simple. The quantities describing reversibility and information 
we will use, neither of which are entropic quantities, arise naturally in a specific scenario in which our 
measurement model is used. Our model contains an adjustable parameter rj that characterizes the strength 
and therefore the reliability of the measurement, with -q = corresponding to no information gain, whereas 
rj = 1 corresponds to maximum reliability. To highlight the tradeoff we are interested in, our model contains 
no decoherence other than that caused by the recording of the measurement outcome itself. We thus find 
there exists a quantitative tradeoff between the reliability of a measurement that is made and the ability to 
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reverse fully the measurement dynamics (in principle, if not in practice). 

II. MEASUREMENT MODEL 

We will describe here a measurement on a qubit, i.e., a quantum-mechanical two-state system. We 
denote a pure state of a qubit q by 

W q = a\l) q + b\V q , (1) 

borrowing notation for the spin of spin-1/2 particles, where a, b are complex coefficients satisfying \a\ 2 + 
\b\ 2 = 1. We wish to model a measurement on this qubit in the | j), | j) basis, also called "spin up" and 
"spin down." 

A. Unitary evolution 

We model the measurement as a two-step process, a unitary pre-measurement lPl5l and a final 
information-gathering step, which is not unitary [7]. We split the pre-measurement stage into two steps: 
first we assume the qubit interacts with N three-state systems (qutrits), where N ^> 1, according to the 
unitary transformation U : 

U>««|r>f" & \l) q ®\d)? N 

\V q ®\r)? N & IT), ®\u)f N . (2) 

The notation \r)f N means a product of ./V kets of identical form, one for each qutrit. The state \r)t is the 
initial "ready" state, and \d)t and \u)t are states which become associated with the qubit states "spin down" 
and "spin up" by U. This step can be viewed as an amplification process. One can think of an avalanche 
photo detector or a bubble chamber particle detector, where one photon or one particle can create a state 
change in many other particles: one can think of each qutrit as being in a metastable "ready" state [ 16], \r) t , 
with two possible paths to decay to a lower-lying stable state, either |«} t or \d)t, triggered by the qubit. (A 
simple classical analogy would be a domino standing on end, which can be knocked over in the forward or 
backward direction by a small kick.) 

In the next step the signal is converted to a macroscopic signal: the qutrits are coupled to one degree 
of freedom of a macroscopic system (the "counter"). The counter is modeled as a harmonic oscillator (a 
pendulum, for instance) with resonance frequency oj. We assume it starts off in the ground state |0) c , that 
is, the minimum uncertainty wavepacket (coherent state) with amplitude 0. The unitary transformation U' 
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acting on each qutrit and the harmonic oscillator is assumed to be 

U' 

\u)t<8>\a) c ' * \u) t ® D(e)\a) c 
\d)t®\a) c & \d)t®D(-e)\a) c 

\r)t &> \a)c \r)t ® \a) c , (3) 

where \a) c denotes a minimum uncertainty wavepacket (coherent state) of the counter with amplitude a, 
and the displacement operators D(±e) act on the wavepacket as 

D(±e)\a) c = \a±e) c . (4) 

The N qutrits together thus interact with the counter oscillator through the unitary transformation U" = 

jj"8N. 

|u)f» c n \u)f N \Ne) c 

\d)f N \0) c K \d)f N \-Ne) c . (5) 

The displacement operator simply translates the oscillator in position by an amount proportional to a(0), 
after which the oscillator will, indeed, oscillate at frequency to: the amplitude as a function of time will be 
a(t) = a(0) exp(— iujt), where a(0) = ±Ne in our case. 

Summarizing, starting with a qubit in the pure state ([TJ, after the pre-measurement the final state of the 
qubit + detector atoms + counter would be 

m 9 ,t,c = a\ i) q \d)f N \ - Ne)c + b\ ]) q \u)f N \ + Ne) c . (6) 

These pre-measurement steps are illustrated in gedanken-fashion (not meant to be a physically realistic 
model) in Figure [T] 



B. Information gathering 

The final step of the measurement consists of a partial or imperfect measurement on the counter state. 
This is modeled by "splitting off" a fraction r] of the coherent state of the counter and performing a projective 
measurement on that fraction. To do this, we introduce a second macroscopic oscillator, called the "probe," 
also starting off in the ground state. Let rj be the "strength" of the measurement, which obeys < r\ < 
1. At an appropriate time, such that exp(— iuit) = 1 and hence a(t) = a(0), we apply the following 
transformation: 

|a(0)) c |0) p ^ |yr^a(0)) c |^a(0)) p , (7) 
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FIG. 1: Gedanken experiment to illustrate the measurement model. At time t = the qubit, modeled as a particle 
with two spin states, drops through an inhomogeneous magnetic field, like in a Stern-Gerlach apparatus, upon which 
it gets deflected either rightward or leftward depending on its spin state. The magnets, being mounted on a movable 
carriage (with no frictional forces impeding it) recoils left or right by the principle of momentum conservation. The 
slight recoiling of the carriage is sufficient to cause all the dominos balanced on their ends to topple either leftward or 
rightward, all going the same direction at time t = t±. The large amount of energy previously stored in the metastable 
dominos causes, at t = t%, the carriage to recoil even more vigorously, which sets in motion a pendulum (the counter), 
which is attached to the bottom of the carriage. We assume that the energy of the falling dominos is not dissipated 
away, in order to allow the possibility of complete reversibility in principle. In the measurement stage, a second 
pendulum (the "probe") is weakly coupled to the first pendulum at t = causing the probe to oscillate, but with a 
much smaller amplitude than the counter pendulum. At time t = £4 the counter and probe are correlated, both having 
a positive (or negative) amplitude. 

where, in our case, a(0) = ±Ne. We can picture this transformation as follows: the "counter" oscilla- 
tor kicks the "probe" oscillator and transfers a fraction 77 of its total energy, after which both pendulums 
oscillate, the counter now having smaller amplitude than initially. By this mechanism, the probe ends 
up in a linear combination of the state \^/fjNe) p and the state | — ^/fjNe) p , and is entangled with the 
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FIG. 2: Illustration of the optimum measurement to distinguish two nonorthogonal (coherent) states \cti) and \ct2), 
which are depicted here in Hilbert space. One projects onto two orthogonal states |±) that straddle symmetrically the 
states to be distinguished. 

qubit+qutrit+counter system. 

Then we assume we perform the optimum measurement on the probe to distinguish the two states 
| ± y / r/A r e) p . These two states are not orthogonal and so cannot be distinguished with certainty. The 
optimum measurement, in the sense of maximizing the probability of a correct measurement outcome [17], 
is illustrated in Fig. [2] and projects onto the following two orthogonal states 

|±) p = 7 | ± VvNe) p -f3\T VvNe) p , (8) 

with 

= y/1 + c( V ) + y/l- c(rj) 
7 2^1 - c(r?) 2 

y/l + cfo)- Vl-c(Ty) 

where c(rj) is the overlap between the two states to be distinguished. We write c(rj) explicitly as a function 
of rj to emphasize that it is the principal adjustable parameter: 

c(rj) = {+^/vNe\ - <fqNe) = exp(-2r ? iV 2 e 2 ). (10) 

It is convenient to define the constant 

c = (+Ne\ - Ne) = exp(-2iV 2 e 2 ), (11) 
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which is the minimum value that c(rj) could assume for fixed values of N and e, namely when r\ = 1. In 
terms of cq we have 

c(r?) = (cq)". (12) 

That is, the relevant parameter describing the measurement process depends exponentially on the measure- 
ment strength 77. 

The probability of error, corresponding to projecting onto the "wrong" outcome |±) p when the input 
state was | =F \/vNe) p , is 

terror = |(t| ± V^Ne}\ 2 = 1 ~ V \~ ^ . (13) 

In terms of the error probability and the coefficients a and b of our initial state, the outcome "+" occurs 
with probability P + = (1 — P cr ror)|o| 2 + Perror|a| 2 > and the outcome "— " occurs with probability P_ = 
(1— P error )|a| 2 -f--P e rror|^| 2 - In the limit of rj — > landiVe — > oo, we have c(rj) —> 0,and|±) p — > liby^iVe)^ 
and -Perror — > 0, thus describing an ideal von Neumann measurement. In the opposite limit rj — > 0, we have 
-Perror = 1/2, corresponding to no information gain at all (purely guessing a measurement outcome will 
yield an error probability of 50% as well). 

The final (unnormalized) state of qubit, the qutrits, and the counter, after measuring the probe is either 

ay/P^A [) q \d)t N \ ~ V^lNe) + by/ 1 - P crror | \) q \u)f N \ + y/l^Ne), (14) 

or 

ax/1 - Perror | i) q \d)f N \ - y^T^Ne) + b^fP^\ ]) q \u)f N \ + y^T^Ne), (15) 

depending on the measurement outcome. 

Note that we are using the standard quantum measurement hypothesis to describe the measurement of 
the probe. That is, we are not attempting to "solve" the "quantum measurement problem," which is the 
question whether one should search for a physical mechanism by which quantum amplitudes are converted 
into experimental actualities f\M . 

The above optimal measurement on the probe can in fact be performed when considering coherent states 
of light beams: the optimum measurement was first conceived by Dolinar [19] and later implemented in 
Ref. 1201 . 

C. Reversing evolution 

A key element of our treatment is to consider to what extent the measurement dynamics are reversible, 
and to ascertain what constraints are placed on this reversibility by virtue of leaving a permanent trace 
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(information) in the probe. Therefore let us consider an idealized optimal reversal scenario, which serves to 
make our conclusions as clear and as simple as possible. 

After the measurement on the probe, one could in principle perform a unitary operation |[30l (which 
depends on the value of rj, but not on the measurement outcome) on the combined system of counter, all 
qutrits, and the qubit (but not the probe): 

| t> 9 |u>f"| + y/T=ijNe) e ' * | t) fl |r>f N \0) c 

| l) q \d)f N \ - VT^Ne) c » | l>,|r)f» c . (16) 

The qutrits and the counter are thus reset to their initial states, and the qubit q thus completely disentan- 
gles from the qutrits and the counter. This step is certainly far from realistic for photomultipliers, bubble 
chambers, and Geiger counters, but as a matter of principle the laws of Nature do allow this reversal. In 
a recent experiment ETTl a partial reversal of a "weak" quantum measurement on a superconducting qubit 
was demonstrated. 

In our gedanken experiment in Figure[T] one can imagine first cutting the coupling spring between probe 
and counter, then exerting a force on the counter pendulum just perfectly so that it comes to rest and all the 
dominos are flipped back into their upright positions. This will work perfectly only if the qubit is sent back 
into the magnetic field at the right moment so that it absorbs the momentum necessary to bring the carriage 
to rest while deflecting the qubit back upward. 

Because the probe is now in a definite observed state, either \+) p or |— ) p , it also is not entangled with 
the qubit. In fact, the projection of the probe onto the states |±) p implies a collapse of the qubit q into two 



possible states as well [22] : for the result "+" the state of the qubit (after the reversal operation (16) and 
inserting the proper normalization factor) follows from Eq. ( [14) ), 

I / \ a \/ -^crror | i)q 4" by/1 — -P e rror| T)g (M\ 

and for the result "— " the qubit is collapsed into the state 

|_0 ^ CLy/1 — -Pcrrorl i)q ~\~ by/P CTTOT \ f )(} (18) 

In the case that P e rror = 1/2, these two states are in fact the same, and equal to the initial qubit state: 
indeed, no measurement has been performed in this case, since tj = 0, and no collapse has taken place 



either after the reversal ( 16 1. In the other extreme limit, P e rror = 0, the collapse is complete, and the qubit 
ends up either in the state | [) q or in the state | with probabilities \a\ 2 and \b\ 2 , respectively, as it should 
according to standard textbook Quantum Mechanics. 
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III. RELIABILITY VS REVERSIBILITY: A SCENARIO 

In order to give an operational definition of reversibility and reliability, we consider a specific scenario. 
We consider Alice and Bob: Alice prepares a qubit and hands it Bob. Bob will perform the measurement dis- 
cussed in the preceding Section on that qubit, with the value of the measurement strength i] chosen by Bob. 
After the measurement, Bob tries to reverse the evolution of the qubit and detector system as completely 



as he can [by using the r/-dependent unitary operation ( 16 1], tells Alice the result of his measurement, and 
returns the qubit to Alice. She will then perform one of two measurements. Bob will not know in advance 
which of the two measurements Alice will perform. Either she will check whether Bob's measurement re- 
sult produced reliable information for him, or she will check whether his measurement changed the quantum 
state that she had prepared. This procedure may be repeated multiple times, although this is not necessary. 

In order to maintain a description using only pure states, we specify that in each run of the experiment, 
Alice prepares two qubits A and B in a maximally entangled state (one of the Bell states) of the form 

m A , B = ^= [\ tui t)b + 1 dm i) B ] = \* + )ab. d9) 

Bob knows Alice prepares this state. Alice hands Bob the qubit B, but holds qubit A in her possession, such 
that Bob has no access to it. 

Bob has a device that implements both the measurement and the reverse evolution described in the 
preceding Section. The device has a knob and a button: the knob to set the value of r/, and the button to 
reverse the evolution as completely as possible. The device does not attempt to apply a reversal operation 
to the probe (or to Bob's brain, which stores information about the probe), since Bob does not allow this 
ll3Tl . The device sends qubit B back to Alice, and Bob tells Alice of the result of his measurement, which 
is either "spin up," or "spin down," depending on which measurement outcome he obtained. That is, he 
assumes there is a correlation between "spin up (down)" and the probe state "+(—)." 

Upon receiving qubit B from Bob, Alice now performs one of two measurements, which she chooses at 
random with 50% probability each: 

1. She may measure qubit A in the spin-up, spin-down basis, performing a perfectly reliable ideal von 
Neumann measurement. This allows her to determine what spin value Bob should have measured 
ideally, because the initial entangled state ensures that her spin has the same value as Bob's if they 
both perform ideal measurements in the same spin-up, spin-down basis. 

2. She may perform an ideal standard (von Neumann) measurement on the two qubits A and B together, 
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projecting onto the four Bell states: 



1 



\^)A,B = ^=[|TU| j>B±| I)a|T)b] (20) 
In this case, she counts the result \^ + ) as a "yes," and the remaining three outcomes as a "no." 

In case 1, she can compare her result with Bob's measurement outcome. The probability that her result 
differs from that of Bob's, that is that Bob's measurement is wrong, is simply given by P crr0 r given in 



Eq. (13 1 



In case 2, the probability of obtaining the "yes" outcome, indicating that the joint state of qubits A and 
B is the same as it was originally, is given by the "fidelity" F, which is defined as the overlap between the 
final and initial states of the two qubits together, averaged over Bob's two possible measurement outcomes. 
After Bob has obtained the "+" outcome, the joint state is 

10+) AB = V^errorl [) a\ i) B + V 1 ~ -Perror|| T)a T)b, (21) 

which is similar to Eq. ( fTTj ), whereas after the "— " outcome the state would be 

|0-)AB = \A - -Pcrrorl [)a\ I) B + \/ Penor\ \ T)a T)b- (22) 

The overlaps are in fact the same in the two cases, and these define the fidelity, 



F = K* + |0+>| 2 = K* + I0->| 2 = 2 + V^Wl - Pe; 



(23) 



Rewriting the right-hand side as a function of c(t]) yields 



F= 1 -±^l. (24) 

The fidelity is a measure of Bob's ability to reverse the qubit-plus-detector evolution, and is governed by 
the device setting rj that Bob chose. 



From the two results ( fT3| ) and (|24j) we obtain the tradeoff relation 

(2F-l) 2 + (l-2P crror ) 2 = l. (25) 

That is, Bob can increase his ability to reverse the qubit evolution by increasing the fidelity F, but only at 
the cost of increasing the error probability of his measurement, and vice versa. This is our main result. The 



relation (25 1 encourages us to define the following two quantities: a degree of reliability, 

£W = 1 - 2P error = y/l - C (r?) 2 (26) 
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FIG. 3: Degree of reversibility D lcv versus degree of reliability Aei for three values of the parameter K : K 



1,10,100 (which characterizes the effect of other observers, see Eqs. ( 32 1 — ( 33 1 for the solid, dashed and dotted 
curves, respectively. 

and a degree of reversibility: 

D IeY = 2F-l = c(rj). (27) 



By virtue of equation (25 1, these two quantities can alternatively be written in terms of an angle 9, such that 



Aci = sin6>, 

A-ev = cos6>. (28) 

In Fig. [3] we plot as the solid curve Aev vs Aci (for a single observer, Bob). 

Depending on which quantity as a function of both F and P crr0 r Bob wishes to optimize, different values 
of r\ may be optimum. Suppose, for example, that Bob would have to pay Alice a fine of $1 if she figures 
out that his measurement outcome was wrong (she does know what outcome Bob "should" obtain), and he 
would have to pay the same fine if instead she projects onto a Bell state other than the state \^ + ). In that 
case, he would like to minimize the expectation value of his fine / (also called the cost function), in units 
of $1, 

(f) = l-F + P crror = 1 - (A- C v + Acl)/2. (29) 

This implies he should choose rj such that c{r}) = v2/2, so that the angle 9 = -ir/4, and hence Aev = 
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FIG. 4: Bob's cost function to be minimized: the fine (/) as defined in Eq. (29 1, versus the degree of reliability D re \, 
for the same three values of the parameter K : K = 1, 10, 100 as in the previous figure. 



D rcl = V2/2 = 0.707 ... All this implies (/) min = 1 - V2/2 = 0.292 ... In Figure|4|we plot as the solid 
curve the expectation value of Bob's fine vs D re \ (one observer only). 



A. Multiple observers, eavesdroppers, and the environment 

An important requirement for a "good" or reliable measurement is that several independent observers 
should agree about the measurement outcome [26]. We can easily introduce multiple observers k = 2 . . . M, 
in addition to Bob, each of whom taps off a fraction % with ^2k r/fe < 1 — r) of the initial coherent-state 
amplitude of the counter. Each such observer would be modeled as an additional probe oscillator coupled 
to the counter as in Figure [T] Each observer k gains information about the qubit state, given by expressions 



similar to (37 1, determined only by the coupling strength r/fc. 

On the other hand, the degree of reversibility decreases with each newly added observer k who chooses 
a coupling strength rjf. > 0. Thus, for each observer k there is a different tradeoff relation between the 
individual degree of reliability of their own measurement and the overall degree of reversibility. If we 
denote by t]t the sum of all the rj^ and rj, that is, rfr = rj + Yl,k Vki tnen we nave 

£>rev = {cof*, (30) 

whereas Bob's degree of reliability is 

£rd = " c(r?) 2 - (31) 
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Hence we now have Bob's tradeoff relation, in the presence of other observers, 



KD 2 xev + Dl x = l. (32) 

where we introduced a parameter K according to 

K = ^r r (33) 
c o 

where fj is the sum of all % of the observers other than Bob, fj = Ylk 

In Figure [4] we plot the expectation value of Bob's fine in the presence of other observers, for several 
values of K. It shows that Bob's fine will only increase with each addition of a new observer. Moreover, in 
order to minimize his fine, Bob will need to gain more and more information himself. This will be subject 
to the constraint that rjr < 1. 

In Figure [3] we plot the reversibility /reliability tradeoff, D iev vs D re \ as determined by Eq. (32i, for 



different values of K. Whereas the degree of reliability can still reach the value 1 , the maximum possible 
degree of reversibility decreases with increasing K as 1 / \/~K . 

As long as iVe is so large that ^/rf^Ne ^> 1 even for small values of there may be many observers all 
independently obtaining reliable information about the qubit state [25]. That is, with very high probability 
(since P C rror <C 1), each observer obtains the same measurement outcome. More precisely, suppose that 
co S> 1, and assume we have M observers in total, all having at their disposal a fraction rjk = rj = 1/M. 
Suppose also we wish the error probability of each observer to be limited to P C rror < P, for some small 
p -C 1. Then it is easy to see that the number of observers must obey 

log(l/4p) 



The number M p is directly related to the redundancy parameter R$ of Refs. E51 : it tells one how redun- 
dantly information about the qubit state is stored in the many probes. 

Finally, we note that the meaning of the coefficients rj^ for k > 2 may be different in different scenarios: 
for instance, in a cryptographic context, Alice and Bob may be the legitimate participants in a protocol, 
whereas an eavesdropper attempting to gain information can be characterized by a parameter r]2. Or, in a 
more general context, unwanted interactions with the "environment" (i.e., any system not under control of 
Alice and Bob) may be characterized by parameters rjk as well. In the latter case, the negative effects of 
those undesirable interactions are typically summarized as "decoherence" ll26ll . 
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B. Information and reliability 

So far, we have used the term "information" somewhat loosely to mean the same thing as reliability, in 
the sense that a reliable measurement provides Bob accurate information. Here we make the connection 
between the two concepts precise. 

In order to quantify the information that Bob could gain about the spin of qubit A by trying to distinguish 
the coherent states | — Ne) and | + Ne) of Bob's probe, we calculate the mutual information, 

where in our case X refers to the qubit and x takes the values j and j, while Y refers to the probe, and y is 



assumed to take the values + or — . Given the error probability P e rror of Eq. ( 13 1, we have 



PXY(1+) = P XY (l,-) = (l-Perror)/2; 

PXYU,+) = PXY$,-) =Perror/2, (36) 

and P X (T) = Px(i) = Py{+) = Py{~) = 1/2. All of this implies 

I(X;Y) = l-S(P cvrov ), (37) 

with S(P) = —Plog 2 P — (1 — P)log 2 (l — P) being the Shannon entropy function. We plot / as a 
function of D m \ in Figure [5] It shows that the mutual information is a monotonically increasing function of 
the degree of reliability, justifying our intuition that the two concepts are really the same in our case, up to a 
simple transformation. In particular, we have 1 = 1 when D rc \ = 1 (i.e., when P rror = 0) and 1 = when 
D re \ = (i.e., when P e rror = 1/2). 



IV. CONCLUSIONS 



The main result we want to emphasize is that there exists a constraining relation between the reliability 
of a quantum measurement and the extent to which the measurement process is (in principle) reversible, 
even in the absence of any external environment other than the fundamental information recording device. 
That is, if the person (Bob) making the measurement is cognizant of the result, meaning the result is stored 
in his brain, and if he subsequently refuses to allow his brain to be erased (unitarily reversed), then the 
measurement is irreversible (and non unitary). The very act of Bob deciding to remember permanently the 
result is sufficient to make the measurement irreversible, meaning that the measured quantum system cannot 
be restored to its original state by any unitary operation that is universal (not depending on knowledge of 
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FIG. 5: Mutual information / versus degree of reliability Z? rc i. Both quantities quantify the correlation between Bob's 
measurement outcome and Alice's qubit A. See text for further details. 

the initial state). Furthermore, the greater the information that is gained by Bob (that is, the more reliable 
the measurement is), the less reversible the measurement dynamics become. We don't claim these to be 
fundamentally new results, although we have not seen them verified in the literature in such simple terms. 

How do our results relate to the considerations by Poincare of the relation between probability, knowl- 
edge, and reversibility? He pointed out that small errors in specifying final conditions of a system after it 
underwent classical Hamiltonian evolution would prevent the system from perfectly retracing its evolution 
under the same Hamiltonian time-reversed. In our quantum case, lets say that Bob wishes to perfectly re- 
verse the evolution of the detector system and qubit, along with his probe (that is, he chooses not to make 
a projective measurement on his probe). He can do this reversal perfectly, in principle, only if there are 
not other observers who hoard some information in their probes for the same counter that Bob is studying. 
That is, other observers necessarily change the state of the system, making it less amenable to reversal from 
Bob's viewpoint. 

We could have imagined that the reversibility might be degraded exponentially as a function of the 
amount of information gained in the measurement, in loose analogy with the extreme sensitivity of the clas- 
sical reversibility of chaotic systems to small changes of final conditions. This turns out not to be the case, 
and in hindsight this is not surprising because quantum theory contains no chaos in the classical sense of hy- 
persensitivity to final (or initial) conditions on the state (although hypersensitivity to small perturbations to 
the Hamiltonian does occur in quantum systems Il27ll28ll29l ). Rather, in our case both reversibility and in- 
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formation gain depend exponentially on the parameter 77 that characterizes the strength of the measurement, 
such that the dependence of reversibility on information gain is polynomial, not exponential. 
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